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ON THE FIBER CONE OF MONOMIAL IDEALS
JU¨RGEN HERZOG AND GUANGJUN ZHU
∗
Abstract. We consider the fiber cone of monomial ideals. It is shown that for
monomial ideals I ⊂ K[x, y] of height 2, generated by 3 elements, the fiber cone
F (I) of I is a hypersurface ring, and that F (I) has positive depth for interesting
classes of height 2 monomial ideals I ⊂ K[x, y], which are generated by 4 elements.
For these classes of ideals we also show that F (I) is Cohen–Macaulay if and only
if the defining ideal J of F (I) is generated by at most 3 elements. In all the cases
a minimal set of generators of J is determined.
Introduction
Let I ⊂ S be a graded ideal in the polynomial ring S = K[x1, . . . , xn] over the
field K. Let m = (x1, . . . , xn) be the graded maximal ideal of S, and R(I) =
⊕
j≥0 I
j
the Rees algebra of I. Then the fiber cone of I is the standard graded K-algebra
F (I) = R(I)/mR(I). Let µ(L) denote the minimal number of generators of a
graded ideal L ⊂ S. Motivated by the fact that µ(Ik) ≤ µ(Ik+1) for all k ≥ 1,
if depthF (I) > 0, we ask when F (I) have positive depth. In concrete cases this
question is hard to answer.
In this paper we focus on monomial ideals I of height 2 in a polynomial with
two variables. It turns out that even this case, which is the simplest possible to
consider, the problem is pretty hard. For example, depthF (I) = 0 for the ideal I =
(x25, x20y5, x19y19, x5y20, y25) ⊂ K[x, y]. On the other hand, by checking hundreds
of examples, we could not find any monomial ideal I ⊂ K[x, y] of height 2 with
µ(I) ≤ 4 and depthF (I) = 0. Thus we expect that depthF (I) > 0, if µ(I) ≤ 4.
This is trivially true when µ(I) = 2, in which case F (I) is a polynomial ring. For
the case µ(I) = 3, we show that F (I) is a hypersurface ring, and hence is Cohen–
Macaulay. This is the content of Section 2.
For a Noetherian local ring with infinite residue class field, Heinzer and Kim [4,
Proposition 5.4] give several equivalent conditions for F (I) being a hypersurface
ring, and in [4, Theorem 5.6 ] they provide a sufficient condition for this in terms of
a depth condition for the associated graded ring of I. But all these criteria are hard
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to apply in our concrete case. Our approach in this, and also in the other cases,
considered later in this paper, is more straightforward, and is aimed at computing
the generators of the defining ideal J of F (I) explicitly. This approach always leads
to the problem to find integer solutions to linear inequalities with integer coefficients.
Of course, in general, this is a difficult problem, and hence we can present only partial
results for the depth problem of the fiber cone of a monomial ideal I ⊂ K[x, y] for
height 2 and with 4 generators.
In Section 3 we consider symmetric ideals, that is ideals I ⊂ K[x, y], I =
(xc, xbya, xayb, yc) with c > b > a > 0 and gcd(a, b, c) = 1. In [8] it is shown
that in this case F (I) is Cohen–Macaulay if and only if b = a + 1, and this is the
case if and only if µ(J) ≤ 3. More generally, the Cohen–Macaulayness of F (I) holds
for F (I) ∼= K[xc, xc−a1ya1, xc−a2ya2 , yc] with 0 < a1 < a2 < c, if and only if µ(J) ≤ 3,
as was shown by Bresinsky, Schenzel and Vogel [2, Lemma 4]. Here, as before, J
denotes the defining ideal of F (I). Note that such rings may be viewed as the coor-
dinate ring of a projective monomial curve. Projective monomial curves have been
studied in many papers, see for example [1], [3], [9], [10] and [11]. For the symmetric
ideal I, the fiber cone F (I) is the coordinate ring of a projective monomial curve
only if a+ b = c. Yet, also when a+ b 6= c, it is shown in Corollary 3.4 that F (I) is
Cohen–Macaulay, if and only if µ(J) ≤ 3.
In the last section we study the fiber cone of monomial ideals of the form I =
(x2a, xayb, xcyd, y2b). It turns out that the fiber cone of this type of ideals is a
complete intersection. The different cases to be discussed are treated in Theorem 4.1,
Theorem 4.2 and Theorem 4.3, respectively.
We expect that the results regarding the depth of the fiber cone obtained for the
monomial ideals considered in this paper hold for all monomial ideals of the form
I = (xa, xcyd, xeyf , yb). In other words, we expect that for any ideal of this type we
always have depthF (I) > 0, and that F (I) is Cohen-Macaulay, if and only if the
defining ideal J of F (I) is generated by at most 3 elements.
1. Generalities about the relations of the fiber cone
Let K be a field, S = K[x1, . . . , xn] the polynomial ring in n indeterminates with
graded maximal ideal m = (x1, . . . , xn), and I ⊂ S a monomial ideal with minimal
set of monomial generators G(I) = {u1, . . . , um}. We denote by R(I) =
⊕
j≥0 I
j the
Rees algebra of I and by F (I) =
⊕
j≥0 I
j/mIj the fiber cone of I.
Let F (I) ∼= T/J , where T = K[z1, . . . , zm] is the polynomial ring over K, and J is
the kernel of the K-algebra homomorphism T → F (I) defined by zi 7→ ui +mI for
i = 1, . . . , m. The relations of F (I) can be obtained from the relations of the Rees
ring by reduction modulo m. The Rees ring R(I) of I is a toric standard graded
S-algebra. Therefore, the relations belonging to a minimal set of generators of the
defining ideal L of R(I) are of the form
f = u
m∏
i=1
zrii − v
m∏
i=1
zsii ,(1)
2
with gcd(u
∏m
i=1 z
ri
i , v
∏m
i=1 z
si
i ) = 1, where u and v are monomials in S, satisfying
u
m∏
i=1
urii = v
m∏
i=1
usii .
In addition one has
m∑
i=1
ri =
m∑
i=1
si > 0.
In particular it follows that J is generated by monomials and homogeneous binomi-
als.
2. The case when F (I) is a hypersurface
We turn to the special case described in the following
Lemma 2.1. Let I ⊂ S be the monomial ideal with G(I) = {u1, . . . , un+1}, where
ui = x
ai
i for i = 1, . . . , n and un+1 = x
b1
1 · · ·x
bn
n with 0 < bi < ai for i = 1, . . . , n. If
n+1∏
i=1
zrii ∈ J with rn+1 > 0, then z
rn+1
n ∈ J .
Proof. In view of (1) there exists f ∈ L of the form f =
n+1∏
i=1
zrii −v
∏n
i=1 z
si
i . Suppose
that ri > 0 for some i < n + 1. Since gcd(
n+1∏
i=1
zrii , v
∏n
i=1 z
si
i ) = 1, we may further
assume that f = (
∏t
i=1 z
ri
i )z
rn+1
n+1 − v
∏n
i=t+1 z
si
i with rn+1 =
∑n
i=t+1 si − c, where
c =
∑t
i=1 ri > 0. It follows that
n∏
i=t+1
x
birn+1
i = v
′
n∏
i=t+1
xaisii ,
where v′ is a monomial in S, which implies that birn+1 ≥ aisi for i = t + 1, . . . , n.
We consider the following three cases:
(i) There exists some j ∈ {t + 1, . . . , n} such that sj ≥ c. Then f = z
rn+1
n+1 −
wz
sj−c
j
n∏
i=t+1
i 6=j
zsii with w = v
′x
ajc
j
∏t
i=1 x
birn+1
i belongs to L.
(ii) sj < c for all j ∈ {t+1, . . . , n} and there exist i1, . . . , im ∈ {t+1, . . . , n} such
that c =
m∑
j=1
sij . Then f = z
rn+1
n+1 − w
n∏
i=t+1
i/∈{i1,...,im}
zsii with w = v
′(
m∏
j=1
x
aijsij
ij )(
t∏
i=1
x
birn+1
i )
belongs to L.
(iii) There exists some m such that s1 + · · · + sm < c < s1 + · · · + sm+1. Then
f = z
rn+1
n+1 −w(
n∏
i=m+2
zsii )z
sm+1−(c−
m∑
i=1
si)
m+1 with w = v
′(
m∏
j=1
x
ajsj
j )(
t∏
i=1
x
birn+1
i )x
am+1(c−
m∑
i=1
si)
m+1
belongs to L.
In all three cases it follows that z
rn+1
n+1 ∈ J , as desired. 
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Let H be the hyperplane in Rn passing through the points aiei, i = 1, . . . , n,
where e1, . . . , en is the standard unit basis of R
n. Then
H = {(b1, . . . , bn) ∈ R
n :
n∑
i=1
bi
ai
= 1}.
Let H± be the two open half spaces defined by H . Then
H+ = {(b1, . . . , bn) ∈ R
n :
n∑
i=1
bi
ai
> 1} and H− = {(b1, . . . , bn) ∈ R
n :
n∑
i=1
bi
ai
< 1}.
With this notation introduced we now have
Theorem 2.2. Let I = (xa11 , . . . , x
an
n ,
n∏
i=1
xbii ) ⊂ S = K[x1, . . . , xn] with ai > bi > 0
for i = 1, . . . , n, and let b = (b1, . . . , bn). Then there exist integers ri such that
J =


(z
rn+1
n+1 −
∏n
i=1 z
ri
i ), if b ∈ H,
(z
rn+1
n+1 ), if b ∈ H
+,
(
∏n
i=1 z
ri
i ), if b ∈ H
−.
Proof. Let f = u
∏n+1
i=1 z
ri
i − v
∏n+1
i=1 z
si
i be a binomial as in (1) that is a minimal
generator of L. Then gcd(
∏n+1
i=1 z
ri
i ,
∏n+1
i=1 z
si
i ) = 1. Hence we may assume that
f = u
∏n+1
i=t+1 z
ri
i − v
∏t
i=1 z
si
i .
Notice that f induces a non-zero element in J if and only if u = 1 or v = 1, and
all generators of J are obtained in this way.
We claim: rn+1 > 0. Indeed, assume first that u = 1, then f =
∏n+1
i=t+1 z
ri
i −
v
∏t
i=1 z
si
i . If rn+1 = 0, then
∏n
i=t+1 x
airi
i = v
∏t
i=1 x
aisi
i . It follows that v =
(
∏n
i=t+1 x
airi
i )v
′ for some monomial v′. This implies that 1 = v′
∏t
i=1 x
aisi
i , so that
si = 0 for all i, a contradiction. Similar argument for v = 1.
Assume first that b ∈ H . In this case F (I) ∼= K[xa11 , . . . , x
an
n ,
∏n
i=1 x
bi
i ], and hence
F (I) is a domain and J is a prime ideal of height 1. Therefore, J does not contain
any monomial generator, and so f =
∏n+1
i=t+1 z
ri
i −
∏t
i=1 z
si
i . It follows that
t∏
i=1
x
birn+1
i
n∏
i=t+1
x
airi+birn+1
i =
t∏
i=1
xaisii .
This implies that t = n, so that f = z
rn+1
n+1 −
∏n
i=1 z
si
i .
Since f is a minimal generator of J and since J is a prime ideal, it follows that f
is irreducible. Therefore, the principal ideal (f) ⊂ J is a prime ideal. Since J is a
prime ideal of height 1, this implies that J = (f).
Next we consider the case that b ∈ H+. In this case we see that u = 1 and
v 6= 1. Then it follows that the generators of J are induced from binomials of the
form f =
∏n+1
i=t+1 z
ri
i − v
∏t
i=1 z
si
i with rn+1 > 0. This implies that J is generated
by monomials of the form z
rn+1
n+1
∏n
i=1 z
ri
i with rn+1 > 0. By applying Lemma 2.1,
it follows that J = (w1, . . . , wm) with wj = z
rn+1,j
n+1 for j = 1, . . . , m. Let rn+1 =
min{rn+1,j : j = 1, . . . , m}. Then J = (z
rn+1
n+1 ).
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Finally assume that b ∈ H−. Then u 6= 1 and v = 1. In this case, all generators
of J are of the form zt11 · · · z
tn
n . Say, J = (w1, . . . , wm) with wj = z
t1,j
1 · · · z
tn,j
n for
j = 1, . . . , m. Let w = zs11 · · · z
sn
n with si = min{ti,1, . . . , ti,m}. Then wj = vjw for
j = 1, . . . , m and monomials vj in T . We will show that w ∈ J . Then this implies
J = (w).
Indeed, since wj ∈ J , there exists a monomial uj ∈ S such that ujz
rn+1,j
n+1
∏n
i=t+1 z
ri,j
i −
wj ∈ L. Claim: ri,j = 0 for all i = t + 1, . . . , n, j = 1, . . . , m. Otherwise,
there exist some i ∈ {t + 1, . . . , n} such that ri,j > 0. Without loss of gen-
erality, we may assume that ri,j > 0 for i = t + 1, . . . , n. This implies that
uj(
∏n
i=1 x
birn+1,j
i )(
∏n
i=t+1 x
airi,j
i ) =
∏n
i=1 x
aiti,j
i . It follows that ti,j > 0 for i =
t+ 1, . . . , n. Then gcd(ujz
rn+1,j
n+1
∏n
i=t+1 z
ri,j
i ,
∏n
i=1 z
ti,j
i ) 6= 1, a contradiction.
Therefore, for any wj ∈ J , there exists a monomial uj ∈ S such that ujz
rn+1,j
n+1 −
wj ∈ L, where rn+1,j =
∑n
i=1 ti,j. This is equivalent to saying that bi(
∑n
k=1 tk,j) ≤
aiti,j for any i = 1, . . . , n and j = 1, . . . , m. Now we have
bi(
n∑
k=1
sk) ≤ min
j=1,...,m
{bi(
n∑
k=1
tk,j)} ≤ min
j=1,...,m
{aiti,j} = aisi.
This shows that there exists a monomial u ∈ S such that uz
rn+1
n+1 − w ∈ L, where
rn+1 =
∑n
k=1 sk. It remains to be shown that u 6= 1. Then this implies that w ∈ J .
Suppose u = 1. Then birn+1 = aisi for all i. This implies that
∑n
i=1
bi
ai
= 1.
Therefore, b ∈ H , a contradiction. 
Corollary 2.3. With the assumptions and notation of Theorem 2.2, the fiber cone
F (I) is a hypersurface ring. Moreover, F (I) is a domain if and only if b ∈ H. The
fiber cone F (I) has exactly one non-zero minimal prime ideal if b ∈ H+, and it has
precisely n non-zero minimal prime ideals if b ∈ H−.
The last sentence of the statement of Corollary 2.3 also follows from [12, Corollary
4.6]. This corollary implies in particular, that depthF (I) = 2, if I ⊂ K[x, y] is a
non principal monomial ideal of height 2 generated by 3 elements. There exist some
examples of non principal monomial ideals I ⊂ K[x, y] of height 2 with more than 4
generators and depthF (I) = 0.
3. Symmetric ideals
In the following, we study in more detail those symmetric ideals I with µ(I) = 4.
We fix the following notation. Let 0 < a < b < c be integers with gcd(a, b, c) = 1.
Then we define the symmetric ideal I = (xc, xbya, xayb, yc). We let T = K[z1, . . . , z4]
be the polynomial ring, and let J be the kernel of the canonical map T → F (I) with
zi 7→ ui for i = 1, . . . , 4, where u1 = x
c, u2 = x
bya, u3 = x
ayb and u4 = y
c.
Theorem 3.1. Let I = (xc, xbya, xayb, yc) ⊂ K[x, y] be a symmetric monomial ideal
with b+ a > c. Then we have
(a) The ideal J is minimally generated as given in one of the following four
cases, and each of these cases occur.
(i) J = (z2z3, z
r
2, z
r
3);
5
(ii) J = (z2z3, z
r
2, z
r
3) + L, where L is minimally generated by monomials of
the form zi1z
j
3 and z
j
2z
i
4 with i, j > 0;
(iii) J = (z2z3, z
m+1
2 , z
m+1
3 , z
ℓ
1z
m
3 − z
m
2 z
ℓ
4), where ℓ =
b−a
gcd(c,b−a)
and
m = c
gcd(c,b−a)
.
(iv) J = (z2z3, z
r
2, z
r
3, z
ℓ
1z
m
3 − z
m
2 z
ℓ
4) + L
′, where L′ is minimally generated by
monomials of the form zi
′
1 z
j′
3 and z
j′
2 z
i′
4 with i
′, j′ > 0, ℓ = b−a
gcd(c,b−a)
and
m = c
gcd(c,b−a)
.
(b) F (I) is Cohen–Macaulay if and only if J is generated as in case (i). Other-
wise, depthF (I) = 1.
Proof. (a) We first show that the monomials z2z3, z
r
2, z
r
3 belong to J in all four cases.
Indeed, we have u2u3 = x
a+b−cya+b−cu1u4, which implies that z2z3 ∈ J .
Since b + a > c, we have a
c−a
> c−b
b
. Thus there exist positive integers m and n
such that
c− b
b
m ≤ n ≤
a
c− a
m.(2)
This implies that br ≥ cm and ar ≥ cn, where r = m+ n. Moreover one of the two
inequalities must be strict, because in (2) one of the two inequalities must be strict.
This implies that zr2 − vz
m
1 z
n
4 is a relation of R(I) with a monomial v 6= 1. Hence
zr2 ∈ J . Of course we may assume that r is the smallest integer with z
r
2 ∈ J . By
symmetry we also have zr3 ∈ J .
Case (i) can happen for example, when I = (x4, x3y2, x2y3, y4). In this example,
J = (z2z3, z
2
2 , z
2
3).
Next we show that if J is generated by monomials, then J must be of the form (i)
or (ii). Indeed, let u be any other monomial generator of J which is not of the form
given in (ii). Then u = zi1z
j
2z
k
4 with i > 0 or u = z
i
1z
j
3z
k
4 with k > 0. By symmetry
it is enough to show that u = zi1z
j
2z
k
4 with i > 0 is not a minimal generator of J .
More generally we show that elements of the following type do not belong to
any minimal set of generators of J : (1) zi1z
j
2z
k
3 , z
i
2z
j
3z
k
4 with i, j, k > 0; (2) z
r
1, z
r
4,
zr1 − z
i
2z
j
3z
k
4 , z
r
4 − z
i
1z
j
2z
k
3 ; (3) z
i
1z
j
2, z
k
3z
ℓ
4, z
i
1z
j
2 − z
k
3z
ℓ
4 with i, ℓ > 0; (4) z
i
1z
j
2z
k
4 with
i > 0, zi1z
j
3z
k
4 with k > 0, z
r
3 − z
i
1z
j
2z
k
4 , z
r
2 − z
i
1z
j
3z
k
4 ; (5) z
i
1z
j
4, z
i
1z
j
4− z
k
2z
ℓ
3 with i, j > 0.
Indeed, (1) follows from the fact z2z3 ∈ J .
By symmetry, type (2) reduces to zr1, z
r
1 − z
i
2z
j
3z
k
4 . This can only happen when
there exists some relation f = zr1 − vz
i
2z
j
3z
k
4 in R(I) with a monomial v ∈ K[x, y].
Then ur1 = vu
i
2u
j
3u
k
4, that is, x
cr = vxbi+ajyai+bj+ck. This implies that x divides y, a
contradiction.
By symmetry, type (3) reduces to zi1z
j
2, z
i
1z
j
2 − z
k
3z
ℓ
4 with i, ℓ > 0. This can
only happen if there exists a relation f = zi1z
j
2 − vz
k
3z
ℓ
4 in R(I) with a monomial
v ∈ K[x, y]. Then ui1u
j
2 = vu
k
3u
ℓ
4, that is, x
ci+bjyaj = vxakybk+cℓ. This implies that
ci+ bj ≥ ak, aj ≥ bk+ cℓ, i+ j = k+ ℓ, and the equalities hold if and only if v = 1.
It follows that i− ℓ ≥ a+b
c
(k − j) > k − j, a contradiction.
Also by symmetry, type (4) reduces to zi1z
j
2z
k
4 , z
r
3 − z
i
1z
j
2z
k
4 with i > 0. This can
only happen if there exists some relation f = zi1z
j
2z
k
4 − vz
r
3 in R(I) with a monomial
6
v ∈ K[x, y]. This implies that ci+bj ≥ ar, aj+ck ≥ br, i+j+k = r, and the above
equalities hold if and only if v = 1. This implies that i+ k ≥ a+b
c
(r − j) > r − j, a
contradiction.
For type (5), if zi1z
j
4 is a minimal generator of J , then there exists a relation
f = zi1z
j
4 − vz
k
2z
ℓ
3 in R(I) with a monomial v 6= 1. It follows that ci ≥ bk + aℓ,
cj ≥ ak + bℓ and i + j = k + ℓ. This implies that i + j ≥ a+b
c
(k + ℓ) > k + ℓ, a
contradiction.
If zi1z
j
4 − z
k
2z
ℓ
3 ∈ J , then ci = bk + aℓ, cj = ak + bℓ and i + j = k + ℓ. It follows
that i+ j = 0, a contradiction.
Case (ii) also can happen for example, when I = (x10, x9y2, x2y9, y10). In this
example, J = (z2z3, z
5
2 , z
5
3 , z1z
4
3 , z
4
2z4).
This discussion shows that J is indeed of the form (i) or (ii), when J does not
contain a binomial generator.
Finally we show that if the minimal generators of J contain some binomials, then
J must be of the form (iii) or (iv). Indeed, by the above discussions, we know that
the possible forms of monomial generators and binomial generators are zi1z
j
3, z
k
2z
ℓ
4
with i, j, k, ℓ > 0 and zi1z
j
3 − z
k
2z
s
4 with i, j > 0 respectively.
If zi1z
j
3 − z
k
2z
s
4 with i, j > 0 is a minimal generator of J , then ci + aj = bk,
bj = ak+cs and i+j = k+s. It follows that i = s and k = j. In this case, we obtain
that ci = (b− a)j, that is c
gcd(c,b−a)
i = b−a
gcd(c,b−a)
j. This yields that j = c
gcd(c,b−a)
t and
i = b−a
gcd(c,b−a)
t for some integer t. Therefore, zℓ1z
m
3 − z
m
2 z
ℓ
4 divides z
i
1z
j
3 − z
j
2z
i
4, where
ℓ = b−a
gcd(c,b−a)
and m = c
gcd(c,b−a)
.
Cases (iii) and (iv) may actually occur. For example, when I = (x10, x8y3, x3y8, y10),
then J = (z2z3, z
3
2 , z
3
3 , z1z
2
3 − z
2
2z4); when I = (x
30, x29y2, x2y29, y30), then J =
(z2z3, z
15
2 , z
15
3 , z
9
1z
10
3 − z
10
2 z
9
4 , z1z
14
3 , z
14
2 z4, z
3
1z
13
3 , z
13
2 z
3
4 , z
5
1z
12
3 , z
12
2 z
5
4 , z
7
1z
11
3 , z
11
2 z
7
4).
To conclude the proof of part (a) of the theorem, we show that the degree r of the
pure power generators zr2, z
r
3 of J in case (iii) must bem+1. It is clear that r ≥ m+1.
If r > m + 1, then zℓ1z
m+1
3 = z3(z
ℓ
1z
m
3 − z
m
2 z
ℓ
4) + z
m−1
2 z
ℓ
4(z2z3) ∈ J , contradicting
the fact that no monomial different from z2z3, z
r
2, z
r
3 belongs to a minimal set of
generators of J .
(b) It is clear that in case (i), z1 and z4 are nonzero divisors of F (I). So in this
case F (I) is Cohen–Macaulay.
Next we show that if J is generated by more than three elements, then F (I) is not
Cohen–Macaulay. This then shows that F (I) is not Cohen–Macaulay in the cases
(ii), (iii) and (iv).
Indeed, suppose that µ(J) = t ≥ 4, and that F (I) is Cohen–Macaulay. Since
height J = 2, the generators of J are the maximal minors of a (t− 1)× t-matrix A
whose entries are homogeneous polynomials of positive degree, see for example [5,
Theorem 1.4.17]. In all four cases one of the generators is z2z3, which is a maximal
minor A. This implies that t ≤ 3, a contradiction.
Finally we show that depthF (I) = 1 in the cases (ii), (iii) and (iv). It is enough
to show that depthF (I) > 0 in these three cases. In case (ii), we have J = J1 ∩ J2,
where J1 = (z2, z
r
3, z
i
1z
j
3, . . .) and J2 = (z3, z
r
2, z
j
2z
i
4, . . .). For J1, the element z4
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does not appear in the support of the generators of J1, and for J2 it is z1. Thus
depth T/J1 > 0 and depth T/J2 > 0. Since there is a natural injective map F (I) =
T/J → T/J1 ⊕ T/J2, we see that depthF (I) > 0.
In case (iii), by considering S-pairs, one immediately sees that the elements
z2z3, z
m+1
2 , z
m+1
3 , z
ℓ
1z
m
3 −z
m
2 z
ℓ
4 form a Gro¨bner basis with respect to the lexicographic
order induced by z1 > z2 > z3 > z4. Hence in<(J) = (z2z3, z
m+1
2 , z
m+1
3 , z
ℓ
1z
m
3 ). Since
z4 does not appear in the support of any monomial of in<(J), we see that z4 is a
nonzero-divisor on T/ in<(J), and hence depth T/ in<(J) > 0. Quite generally one
always has depth T/ in<(J) ≤ depth T/J . Thus depth T/J > 0.
Similar to case (iii), in case (iv), one sees that the elements z2z3, z
r
2, z
r
3, z
ℓ
1z
m
3 −
zm2 z
ℓ
4, z
i′
1 z
j′
3 , z
j′
2 z
i′
4 , . . . form a Gro¨bner basis with respect to the lexicographic order
induced by z1 > z2 > z3 > z4. Hence in<(J) = (z2z3, z
r
2, z
r
3, z
ℓ
1z
m
3 , z
i′
1 z
j′
3 , z
j′
2 z
i′
4 , . . .).
We obtain that in<(J) = J
′ ∩ J ′′, where J ′ = (z2, z
r
3, z
ℓ
1z
m
3 , z
i′
1 z
j′
3 , . . .) and J
′′ =
(z3, z
r
2, z
j′
2 z
i′
4 , . . .). For J
′, the element z4 does not appear in the support of the gener-
ators of J ′, and for J ′′ it is z1. Thus depth T/J
′ > 0 and depthT/J ′′ > 0. Since there
is a natural injective map T/ in<(J)→ T/J
′⊕T/J ′′, we see that depthT/ in<(J) >
0. Thus depth T/J > 0 because of one always has depthT/ in<(J) ≤ depthT/J .

Next, we consider the case b + a < c. In this case, we have 1
a
> 1
c−b
. Thus there
exist positive integers i and j such that
b− a
c− b
j ≤ i ≤
b− a
a
j.(3)
Let S = {(i, j) ∈ N2 | b−a
c−b
j ≤ i ≤ b−a
a
j} and ≤ be the partial ordering on S with
(i, j) ≤ (i′, j′) if and only if i ≤ i′, j ≤ j′.
Theorem 3.2. Let I = (xc, xbya, xayb, yc) ⊂ K[x, y] be a symmetric monomial ideal
with b+ a < c. Let (i, j) be the minimal element of the poset S. Then we have:
(a) The ideal J is minimally generated as given in one of the following four
cases, and each of these cases occur.
(i) J = (z1z4, z
i
1z
j
3, z
j
2z
i
4);
(ii) J = (z1z4, z
i
1z
j
3, z
j
2z
i
4)+L, where L is minimally generated by monomials
of the forms zi1z
j
3 and z
j
2z
i
4 with i, j > 0;
(iii) J = (z1z4, z
i
1z
j
3, z
j
2z
i
4, z
ℓ
1z
m
3 −z
m
2 z
ℓ
4), where l =
b−a
gcd(c,b−a)
andm = c
gcd(c,b−a)
;
(iv) J = (z1z4, z
i
1z
j
3, z
j
2z
i
4, z
ℓ
1z
m
3 − z
m
2 z
ℓ
4) + L
′, where where L′ is minimally
generated by monomials of the forms zi
′
1 z
j′
3 and z
j′
2 z
i′
4 with i
′, j′ > 0,
l = b−a
gcd(c,b−a)
and m = c
gcd(c,b−a)
.
(b) F (I) is Cohen–Macaulay if and only if J is generated as in case (i). Other-
wise, depthF (I) = 1.
Proof. We omit the proof of (a) which follows the same line of arguments as the
proof of part (a) of Theorem 3.1.
(b) Recall F (I) ∼= T/J , if T/J is Cohen-Macaulay, then µ(J) ≤ 3, because the
Hilbert-Burch matrix of J must be a 2 × 3-matrix since z1z4 ∈ J . On the other
8
hand, if J = (z1z4, z
i
1z
j
3, z
j
2z
i
4), then J is the ideal of 2-minors of the matrix(
zi−11 z
j
3, z4, 0
zi2z
j−1
4 , 0, z1
)
.
This implies that F (I) is Cohen–Macaulay. 
Corollary 3.3. Let I = (xc, xbya, xayb, yc) ⊂ K[x, y] be a symmetric monomial
ideal. Then depthF (I) > 0.
Proof. If a + b 6= c, then the assertion is shown in Theorem 3.1 and Theorem 3.2.
If a + b = c, then F (I) = K[xc, xbya, xayb, yc] is a domain, so that depthF (I) > 0,
also in this case. 
Corollary 3.4. Let I = (xc, xbya, xayb, yc) ⊂ K[x, y] be a symmetric monomial
ideal. Then the following conditions are equivalent:
(a) F (I) is Cohen–Macaulay;
(b) µ(J) ≤ 3;
(c) µ(J) = 3.
Proof. The equivalence of (a) and (b) is shown in the above theorems when a+b 6= c.
In the case that a + b = c, it is shown in [2, Lemma 4]. The equivalence of (b) and
(c) also follows form the above theorems. 
4. The fiber cone of I = (x2a, xayb, xcyd, y2b)
We consider a special class of ideals I ⊂ K[x, y], whose fiber cone is a complete
intersection. In this section we assume that we are given positive integers a, b, c, d
such that gcd(a, c) = 1, gcd(b, d) = 1 and b ≥ a > c.
First we consider the case bc + ad > 2ab. Thus we have 2b
2b−d
− 2a
c
> 0 and
b
2b−d
− a
c
> 0. Therefore, there exist positive integers i, j and s such that
2a
c
i+
a
c
j ≤ s ≤
2b
2b− d
i+
b
2b− d
j.(4)
Let T = {(i, j, s) ∈ N3 | 2a
c
i+ a
c
j ≤ s ≤ 2b
2b−d
i+ b
2b−d
j}, and let r be the smallest
integer such that (i, j, r) ∈ T . Then we have
Theorem 4.1. Let I = (x2a, xayb, xcyd, y2b) ⊂ K[x, y] be the monomial ideal with
bc + ad > 2ab. Let K[z1, z2, z3, z4] be the polynomial ring, and let J be the kernel
of the canonical map T → F (I) with zi 7→ ui for i = 1, . . . , 4, where u1 = x
2a,
u2 = x
ayb, u3 = x
cyd and u4 = y
2b. Then J = (z22 − z1z4, z
r
3). In particular, J is a
complete intersection.
Proof. Notice that u22 = u1u4, which implies that z
2
2 − z1z4 ∈ J . By the choice of r,
we have cr ≥ 2ai+ aj and dr ≥ bj + 2bk, where k = r− i− j. Moreover one of the
two inequalities must be strict, because in (4) one of the two inequalities must be
strict. This implies that zr3 − vz
i
1z
j
2z
k
4 is a relation of R(I) with a monomial v 6= 1.
Hence zr3 ∈ J .
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It remains to be shown that J ⊆ (z22−z1z4, z
r
3). We know that the generators of J
are monomials or binomials arising from relations f = u
∏4
i=1 z
ri
i − v
∏4
i=1 z
si
i of the
Rees ring by reduction modulo (x, y). Thus the possible minimal generators of J
must be of the form as follows: (1) zri , with r ≥ 2 for i = 1, . . . , 4; (2) z
r
1−z
i
2z
j
3z
r−i−j
4 ,
zr2−z
i
1z
j
3z
r−i−j
4 , z
r
3−z
i
1z
j
2z
r−i−j
4 , z
r
4−z
i
1z
j
2z
r−i−j
3 with r ≥ 2; (3) z
i
1z
j
2z
k
3 , z
i
1z
j
2z
k
4 , z
i
1z
j
3z
k
4 ,
zi2z
j
3z
k
4 with i, j, k > 0; (4) z
i
1z
j
2 − z
k
3z
ℓ
4, z
i
1z
j
3 − z
k
2z
ℓ
4, z
i
1z
j
4 − z
k
2z
ℓ
3 with i + j > 0; (5)
zi1z
j
2, z
i
3z
j
4, z
i
1z
j
3, z
i
2z
j
4, z
i
1z
j
4, z
i
2z
j
3 with i, j > 0.
Some of these monomials and binomials listed above do belong to J , but are
not minimal except z22 − z1z4, z
r
3 by direct calculations. We demonstrate this in
some cases. In the remaining cases the arguments are similar. It is obvious that
zr1, z
r
4, z
r
1 − z
i
2z
j
3z
r−i−j
4 , z
r
4 − z
i
1z
j
2z
r−i−j
3 do not belong to J .
If zr2 ∈ J , then there exists some relation f = z
r
2−vz
i
1z
j
3z
k
4 in R(I) with r = i+j+k
and a monomial v 6= 1. It follows that ar ≥ 2ai+ cj, br ≥ dj + 2bk and one of the
two inequalities must be strict. Thus we have ( c
2a
+ d
2b
− 1)j < 0, this implies that
j < 0, a contradiction.
If zr3 − z
i
1z
j
2z
k
4 ∈ J , where k = r − i− j, then cr = 2ai+ aj and dr = bj + 2bk. It
follows that ( c
2a
+ d
2b
− 1)r = 0, this implies that r = 0, a contradiction.
If zi1z
j
2z
k
3 ∈ J with i, j, k > 0, then there exists some relation f = z
i
1z
j
2z
k
3 − vz
r
4 in
R(I) with r = i + j + k and a monomial v ∈ K[x, y]. It follows that x2ai+aj+ck | v,
bj+dk ≥ 2br. Thus we have 2bi+bj+(2b−d)k ≤ 0, this implies that i = j = k = 0
or at least one of i, j, k is negative, a contradiction.
If zi1z
j
3z
k
4 with i, j, k > 0 is a minimal generator of J , then there exists some
relation f = zi1z
j
3z
k
4 − vz
r
2 in R(I) with r = i+ j + k and a monomial v ∈ K[x, y]. It
follows that 2ai+ cj ≥ ar, dj + 2bk ≥ br. We consider three cases:
(i) i = k, then we have 2ai+ cj ≥ a(2i+ j). This implies that cj ≥ aj. From the
fact c < a, we can get j = 0, a contradiction.
(ii) i < k, then z2i2 z
j
3z
k−i
4 = z
i
1z
j
3z
k
4 − ((z1z4)
i − z2i2 )z
j
3z
k−i
4 is a minimal generator
of J , a contradiction.
(iii) i > k, this case can be proved as similar to (ii).
If zi1z
j
2−z
k
3 z
ℓ
4 ∈ J with i+j > 0, then 2ai+aj = ck, bj = dk+2bℓ and i+j = k+ℓ.
This implies that i = j = k = ℓ = 0, a contradiction.
If zi1z
j
3 with i, j > 0 is a minimal generator of J . Then j < r, and there exists
some relation f = zi1z
j
3 − vz
k
2z
ℓ
4 in R(I) with i + j = k + ℓ and a monomial v 6= 1.
It follows that ui1u
j
3 = vu
k
2u
ℓ
4. We consider three cases; (i) k = 0, then we have
dj ≥ 2bℓ. Hence j > ℓ because d < 2b, a contradiction. (ii) k > 0 and i ≥ k, then
ui−k1 u
j
3 = vu
k+ℓ
4 . This implies that dj ≥ 2b(k + ℓ). From the fact that d < 2b, we
have j > k + ℓ, a contradiction. (iii) k > 0 and i < k, then uj3 = vu
k−i
1 u
k+ℓ
4 . By the
choice of r, we know that j ≥ r, a contradiction.
Finally, if zr2 − z
i
1z
j
3z
k
4 ∈ J , then we have ar = 2ai + cj, br = dj + 2bk and
r = i+ j + k. It follows that i = k and j = 0. Hence z22 − z1z4 divides z
r
2 − z
i
1z
j
3z
k
4 .

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Next, we consider the case bc+ad < 2ab. In this case, we have 0 < (2− d
b
)− c
a
< 1.
Thus there exist positive integers s and ℓ such that
c
a
s ≤ ℓ ≤ (2−
d
b
)s.(5)
Let D = {(s, ℓ) ∈ N2 | c
a
s ≤ ℓ ≤ (2 − d
b
)s}, and let r be the smallest integer such
that (r, ℓ) ∈ D. We set i = ℓ
2
and j = 0 if ℓ is even, and i = ℓ−1
2
and j = 1, if ℓ is
odd.
With the same methods as in the proof of Theorem 4.1 one obtains
Theorem 4.2. Let I = (x2a, xayb, xcyd, y2b) ⊂ K[x, y] be the monomial ideal with
bc + ad < 2ab. We write F (I) ∼= K[z1, z2, z3, z4]/J as in Theorem 4.1. Then
J = (z22 − z1z4, z
i
1z
j
2z
r−i−j
4 ). In particular, J is a complete intersection.
Proof. Notice that u22 = u1u4, which implies that z
2
2 − z1z4 ∈ J . By the choice
of i, j, r, we have ℓ = 2i + j. Set k = r − i − j. We obtain that 2ai + j ≥ cr,
bj + 2bk ≥ dr. Moreover one of the two inequalities must be strict, because in (5)
one of the two inequalities must be strict. This implies that zi1z
j
2z
r−i−j
4 − vz
r
3 is a
relation of R(I) with a monomial v 6= 1. Hence zi1z
j
2z
r−i−j
4 ∈ J .
The proof for the fact that J ⊆ (z22 − z1z4, z
i
1z
j
2z
r−i−j
4 ) is a case by case discussion
as in Theorem 4.1 which we omit. 
Theorem 4.3. Let I = (x2a, xayb, xcyd, y2b) ⊂ K[x, y] be the monomial ideal with
bc+ad = 2ab. Then F (I) ∼= K[z1, z2, z3, z4]/J , where J = (z
2
2−z1z4, z
a
3−z
i
1z
j
2z
a−i−j
4 ).
Here i = c
2
and j = 0, if c is even, and i = c−1
2
and j = 1, if c is odd. In particular,
J is a complete intersection.
Proof. Notice that u22 = u1u4, which implies that z
2
2 − z1z4 ∈ J . Next we show that
za3−z
i
1z
j
2z
a−i−j
4 ∈ J . Indeed, if c is even, then c = 2c
′. It follows that ad = 2ab−bc =
2b(a − c′). Hence ua3 = x
acyad = x2ac
′
y2b(a−c
′) = uc
′
1 u
a−c′
4 = u
c
2
1 u
a− c
2
4 = u
i
1u
j
2u
a−i−j
4
where i = c
2
and j = 0. If c is odd, then c = 2c′ + 1, i.e., c′ = c−1
2
. It follows
that ad = 2ab − bc = 2b(a − c′) − b. Therefore, ua3 = x
acyad = xacy2b(a−c
′)−b =
xa(2c
′+1)y2b(a−c
′)−b = xa(2c
′+1)y2b(a−c
′−1)+b = u
c−1
2
1 u2u
a− c+1
2
4 = u
i
1u
j
2u
a−i−j
4 , where i =
c−1
2
and j = 1.
Let L = (z22 − z1z4, z
a
3 − z
i
1z
j
2z
a−i−j
4 ). Since in<(L) = (z
2
2 , z
a
3) with respect to the
lexicographic order induced by z3 > z2 > z1 > z4, we see that L is generated by a
regular sequence, and hence height(L) = 2. We will show that L is a prime ideal.
This will then prove that L = J , since L ⊆ J and J is also a prime ideal of height
2, because F (I) ∼= K[x2a, xayb, xcyd, y2b].
In order to see that L is a prime ideal, we first observe that z1 is a nonzero-divisor
modulo L, because it is a nonzero-divisor modulo in<(L). Therefore, by localization,
we obtain an injective map T/L → (T/L)z1 . Thus it suffices to show that (T/L)z1
is a domain. Note that Lz1 = (z
2
2z
−1
1 − z4, f) where f = z
a
3 − z
i
1z
j
2z
a−i−j
4 . Replacing
z4 by z
2
2z
−1
1 in f , we obtain that Tz1/Lz1 = K[z
±1
1 , z2, z3]/(g) where (g) = (z
a
3 −
zi1z
j
2(z
2
2z
−1
1 )
a−i−j) = (za3−z
−a+2i+j
1 z
2a−2i−j
2 ) = (z
2a−2i−j
2 −z
a
3z
a−2i−j
1 ) = (z
a−c
2 −z
a−c
1 z
a
3),
where c = 2i+ j.
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TheK-algebra A = K[z1, z2, z3]/(h) is a domain, where h = z
a−c
2 −z
a−c
1 z
a
3 , because
gcd(a, c) = 1. Indeed, let v = (c− a, a− c,−a) ∈ Z3, and let L = Zv the sublattice
of Z3 spanned by v. Then (h) may be viewed as the lattice ideal of L. The condition
gcd(a, c) = 1 implies that Z3/L is torsionfree. Therefore, by [6, Theorem 3.17] it
follows that A is a toric ring, and hence a domain. Now this implies that Tz1/Lz1 =
K[z±11 , z2, z3]/(g) is a domain, because it is isomorphic to Az1. 
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